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The cyclotron resonance of holes in bismuth has been carefully investigated using micro~

waves of frequency 50 GHz in the Azbel’-Kaner configuration.

It was found that the reflection

peak is extremely weak at the fundamental but strong at the second harmonic, and the second-
harmonic line shape may be quite complicated. These anomalous effects may be explained if
the longitudinal magnetoplasma excitations in the vicinity of the second harmonic (Bernstein
mode) are coupled with the electromagnetic waves of a magnetoplasma (Alfvén waves) in the
weakly nonlocal regime. As a result, the location of the reflection peaks shifts from that of
the exact cyclotron harmonics. Taking into _a;tcgount these shifts, we determine_g the cyclotron
masses of holes to be (0.210+0,002)m, for BLE, and (0.217 +0.002)m, for Bl E.

I. INTRODUCTION

A considerable number of experimental and theo-
retical investigations'~® have been performed on
magnetoplasmas in bismuth in the microwave fre-
quency region for the Voigt configuration.

The magnetoplasmas in bismuth have been inves-
tigated through the tilted-orbit cyclotron reso-
nances, ? hybrid resonances, ® Alfvén waves, "~'' and
Azbel’ -Kaner cyclotron resonances.®*'2 While the
first three of these are observed for the classical
skin effect condition, the last is observed in the ex-
tremely anomalous condition. However, in practice
the hole cyclotron resonances in bismuth occur in
a weakly nonlocal condition, especially in the case
that the hole cyclotron frequency is less than the
electron-hole hybrid resonance frequency.

Hebel® has discussed a slightly anomalous skin
effect for the rf electric fields of the microwaves
parallel to the static magnetic field (_E':”HE; ordi-
nary configuration). He found that the cyclotron
resonance due to the dipole transition arising from
the transverse excitation occurs only for the funda-
mental in this case. However, in the extraordinary
configuration the longitudinal component of the di-
electric constants should play an important role.

In this paper we shall present both the experi-
mental results and the theoretical calculations for
the anomalous line shape of hole cyclotron reso-
nances in bismuth, especially for the extraordinary

configuration. Our data indicate that the reflection
peak near the second harmonic is stronger than the
peak associated with either the fundamental or other
harmonics. In addition, the line shape of the re-
flection peak may be quite complicated. This be-
havior is quite different from those for metals with
large values of wt, in which case the line shapes
depend upon the structure of the Fermi surface as
was explained by Chambers'® and experimentally
shown by Moore. '

II. PLASMA EXCITATION AND PHOTON-PLASMA
COUPLED MODE

The Azbel’ -Kaner cyclotron resonances for met-
als have been discussed in terms of surface imped-
ance. *~'7 In Sec. IV we shall analyze the line
shapes of the microwave reflection from this view-
point and compare with experimental results. In
this section we shall present a preliminary discus-
sion using the diSpersion relations for plasma ex-
citations. We shall assume for simplicity that the
energy surfaces are spherical.

Throughout our treatment we assume that the
static magnetic field B is oriented along the z axis,
and the wave vector { is parallel to the x axis of a
Cartesian coordinate system. The dispersion re-
lations for magnetoplasma excitations as well as
the coupled modes of excitations between electro-
magnetic waves and plasma can be given in terms
of the dielectric functions
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When the carriers are degenerate and Landau-~level
spacings are much less than the Fermi energy
(Ep>> kT, hw,), the components of this tensor are
given by!®
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The symbols N, m*, w,, R, and T are the density,
effective mass, cyclotron frequency, cyclotron
radius, and relaxation time of the carriers, re-
spectively.
The longitudinal excitation occurs when the con-
dition
xx = 0 (4)

is fulfilled. The conditions for transverse excita~
tions are given by the following equations:

€yy = (5)

€ z= ®. (6)

From these relations we can determine the disper-

sion relations for those excitations if the frequency
and the wave-number-dependent dielectric functions
shown in (2) are employed. Electromagnetic waves
couple with these magnetoplasma excitations. One
of these coupled modes is polarized along the mag-
netic field (ordinary mode) and the other mode is
polarized in the plane normal to the magnetic field
(extraordinary mode). The dispersion relations of
these coupled modes can be obtained from the Max-
well’s equations with g-dependent dielectric func-

tions. The results are given by

[(C/W)Q]z=€zz (7)
for the ordinary mode, and

[(c/w) ] (e wéxx"'fxy )/€ s (8)

for the extraordinary mode. These coupled modes
do not penetrate into metals in the local regime, 10
and the skin depth is usually much smaller than the
cyclotron radius. In this case, €,g¢,, is larger than
siy by the order of ¢R, and ¢,, is approximately
equal to €,,. Then Egs. (7) and (8) become identi-
cal and are written as

[(C/W)q]zz €z~ €yye

Anomalies of this mode occur only at the poles of
€4, 1.6, w=nw,. This is the well-known Azbel’ -
Kaner cyclotron resonance, which is therefore a
pure transverse excitation. On the other hand, the
extraordinary mode (8) can penetrate into semi-
metals in the local regime when the field strength
is greater than that at which hybrid resonance oc-
curs. This is the so-called Alfvén wave in Voigt
configuration. In this case ¢R is usually smaller
than unity in the neighborhood of the lower harmon-
ic cyclotron excitations for the heavier mass car-
riers. ‘These excitations are located in the trans-
parent region. Then the oscillator strengths g,(X),
$,(X), and #,(X) can be expanded as a power series
of (¢R)? as shown in (3a)—(3c). From these equa-
tions, we find that €,¢,, is of the same order of
magnitude as ef@, so that the singular points of ¢
in the left-hand side of the Eq. (8) are approximate-
ly given by €,,=0, which is the condition for longi-
tudinal excitations. As a result of the coupling
with these longitudinal excitations, an anomalous
reflection of electromagnetic waves is expected
near the cyclotron harmonics.

We have solved Eq. (8) for a fictitious semimet-
al having spherical electron and hole energy sur-
faces. The dielectric functions were expanded up
to X2° and the roots were found graphically. The
model chosen to simulate bismuth with the magnet-
ic field parallel to the bisectrix axis has the fol-
lowing features: (a) electron mass=0.02m,, hole
mass =0. 21m,; and (b) carrier densities for elec-
trons and holes = 2.9%10'" cm™, In Fig. 1 the re-
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FIG. 1. Wave number for the extraordinary mode as
a function of magnetic field near the second-harmonic
cyclotron resonance. =2w,. The spherical energy
surface model is chosen to simulate bismuth with the
magnetic field parallel to the bisectrix axis.

sults of the calculation in the neighborhood of the
second harmonic of the hole cyclotron field are
shown as solid lines. The microwave frequency is
assumed to be 52.5 GHz, and the effect of carrier
scattering is neglected. In Fig. 1 the longitudinal
excitation, transverse excitation, and the local
Alfvén wave mode are shown as dashed lines. The
solid line indicates the coupling of the Alfvén waves
with longitudinal or transverse excitation. Strong
microwave reflection would be expected to occur
between points A and B, since in this region the real
wave number does not exist as a consequence of
the assumption of an infinite relaxation time. Later
we shall show that for the weakly nonlocal plasma
(gR <1) such a strong reflection peak is not ex-
pected to occur for either the fundamental or the
third and higher harmonics, and the anomaly in the
dispersion relation near the fundamental is negligi-
bly small.

The transverse excitation (€,,=) occurs at each
cyclotron harmonic with the dispersion relation in-
dicated by vertical line as in Fig. 1. However, all
the transverse excitations disappear at the lowest-
order expansion (X2?), since the longitudinal electric
field creates a space charge which shields out the
transverse resonances in the lowest order. 20 If we
include the next higher-order terms (X*), the trans-
verse excitations at the fundamental and the second
harmonic appear.

The longitudinal excitation near the harmonics
of hole cyclotron resonance in the approximation
including up to terms X2 can be obtained from the
following equation:

2 2
../ 2 -
€xx=€p+ wi_ w_Z + (zwc) —w =0 ’ (9)
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where the oscillator strengths w? and w2, are given
by

wd = wi(1-35X?)

2 _1.,2y2
> and Wwi=35w X" .

: (10)

In the region of the hole cyclotron harmonics the
electrons contribute to the dielectric functions with
a term nearly independent of cyclotron frequency,
so that the constant term €, of Eq. (9) includes the
effect from electrons. The solutions of Eq. (8) for
w?/ey> w? are given by
wl=wh/eg+wiid WiXP (11)

’

wl= (2w, )P - TwiXx? (12)
The higher mode (w,) is the well-known magneto-
plasma excitation which exists even for ¢=0. The
lower mode (w_), which can exist only for finite g,
corresponds to the Bernstein mode?'? in a nonde-
generate plasma. This excitation (w_) appears only
in the vicinity of the second harmonic in a long-
wavelength approximation up to the order of X%, It
is interesting to note that for this mode the group
velocity and the phase velocity are in opposite direc-
tions. It is also interesting that the longitudinal
excitation appears only in the vicinity of the second
harmonic and the hybrid plasma mode. If the next
higher-order terms up to X* are included, the lon-
gitudinal excitations at the third harmonic appear.
The longitudinal excitations near the nth harmonic
appear at X2"2 but the transverse excitations ap-
pear at X", Therefore, the longitudinal excitation
near the second harmonic is exceptionally strong at
the weakly nonlocal limit.

For the ordinary mode, the fundamental cyclotron
resonance has been explained by Hebel® on the basis
of the surface nonlocal effect for a long-wavelength
approximation of the lowest order. These reso-
nances can be explained considering just the bulk
properties and will appear in the dielectric function
expansion if higher-order terms are kept. In both
treatments only the transverse resonances occur.
The oscillator strength for cyclotron harmonics
are X2/30 for the fundamental and X*/840 for the
second harmonic when X is less than unity. Thus
the fundamental cyclotron resonance is much
stronger than the second harmonic in contrast to
the extraordinary case.

III. EXPERIMENTAL

For the present experiments, bismuth single
crystals of ultrahigh purity were used with w7 more
than 100 resulting in sharply defined spectra. Com-
mercially available bismuth metals of nominal puri-
ty of 99.9999% were zone refined 30 times in a high
vacuum of better than 7xX10”" mm Hg, and crystal-
lized in a high-purity carbon boat. The specimens
were machined to the desired shape using a spark
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FIG. 2. Microwave reflection from a slab of a bismuth
single crystal as a function of magnetic field (derivative
curve). In this figure q Il binary, Bl bisectrix, ﬁ,, I
trigonal axis; f=52.5 GHz; T'=1.6 °K. The sample thick-
ness d is 0.715+0,003 mm.

cutter and spark planer. The surface layers were
removed with 30% nitric acid, and the surface was
electropolished until it became optically flat.

The experiments have been carried out using
standard microwave techniques at frequencies near
50 GHz with magnetic field modulation at 95 Hz and
phase-sensitive detection techniques. The sample
was mounted on a choke joint in a horizontal plane
forming one end wall of a TE;;; cylindrical cavity.
This cavity had two orthogonal degenerate modes in
which the microwave currents across the wall are
perpendicular to each other. In our cavity, one
mode is about ten times stronger than the other, as
was checked by the electron-spin-resonance (ESR)
signal of DPPH. The experimentally obtained sig-
nals are proportional to the field derivative of re-
flected power from the surface of the specimen,
which is proportional to the derivative of the real
part of the surface impedance Z when ¢ >Z. All
data were taken at 1.6 °K, where the linewidths were
about ¥ as narrow as those at 4. 2 °K.

Figures 2-5 show the field derivative of the re-
flected power for various configurations. Figure 2
is obtained from a specimen of thickness 0. 715 mm
with parallel planes in the configuration that § is
along a binary axis, B along the bisectrix axis, and
ﬁr, along the trigonal axis. The Fabry-Perot inter-
ference pattern from the Alfvén waves and the
“Azbel’-Kaner cyclotron resonance” at second and
higher harmonics of the holes are observed. The
fundamental resonance is so weak that is is masked
by the interference pattern of dimensional reso-
nances. These interference patterns can be solved
to obtain the wave number g of the Alfvén waves,
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using the condition gd = 7N, where d is the thickness
of the specimen and N is the fringe number. The
wave number g obtained in this manner is plotted in
Fig. 3 as a function of magnetic field B for the con-
figuration gl binary, Bl bisectrix, and ﬁ,.,ll trigonal
axis. The experimental points are in excellent
agreement with the solid line obtained by solving the
dispersion relation in Eq. (8) for nonlocal ¢g-depen-
dent anisotropic dielectric functions for bismuth, 2
We have neglected the off-diagonal elements of the
dielectric tensor for electrons arising from the
tilting of the electron energy surfaces, since they
have very little effect on our results. The disper-
sion relations for the longitudinal mode w_ and
Alfvén waves in the local limit are shown in this
figure as dashed lihes. The calculation was based
on Eq. (12). Near the second harmonic, the wave-
length of the Alfvén waves is about 15 times as
large as the cyclotron radius. As was discussed

in Sec. II, the singularity near the second harmonic
is interpreted as the coupling of longitudinal excita-
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FIG. 3. Dispersion relation for electromagnetic waves
for f=52.5 GHz in the vicinity of the second harmonic
(1970g) and the fundamental (3940g) of the hole cyclotron
resonances. The solid lines are the calculated curves
for the electromagnetic waves coupled with longitudinal
excitations (nonlocal Alfvén waves), and the dashed lines
are the calculated curves for Alfvén waves in the local
regime and the longitudinal excitation w_ (nonlocal). In
the coupled wave calculation wt is assumed to be 100; in
both the local Alfvén wave and the longitudinal excitation
cases, wT=%», Dots are the experimental points obtained
from interference patterns.
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FIG. 4. Microwave reflection from a wedge-shaped
bismuth single crystal as a function of magnetic field
(derivative curve). Numbered arrows indicate the hole
cyclotron harmonics. () 4 |l binary, B |l bisectrix axis;
f=52.0 GHz; T=1.6°K, (b) §llbinary axis, and the mag-
netic field is in a plane determined by the bisectrix and
trigonal axes. The angle between the bisectrix axis and
magnetic field is 27° f=52.0 GHz; T=1.6°K. (c) an
trigonal, -B Il bisectrix, Eyq Il binary axis; f=52.5 GHz;
T=1.6°K. The arrows A and B correspond to the arrows
A and Bin Figs. 1 and 8.
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FIG. 5. Microwave reflection from a bismuth single
crystal as a function of magnetic field (derivative curve).
In this figure § Il binary, ﬁﬂ II B Il bisectrix axis; f=52.5
GHz; d=0.411+0,002 mm.

tions and Alfvén waves in the local regime. The
coupling of transverse excitation with Alfvén waves
can not be observed, since in this case gR is much
less than one.

If the specimen is thick and wedge shaped, the
Fabry- Perot interference pattern disappears and
only the change of the surface impedance was ob-
served as shown in Fig. 4(a). We can observe a
weak peak near the fundamental resonance and a
dielectric anomaly on the low-field side in addition
to the cyclotron harmonics already seen in Fig. 2.
As the static magnetic field is rotated from the bi-
sectrix to the trigonal axis, the resonance line shape
near the second harmonic becomes complex with a
satellite peak on the low-field side as shown in Fig.
4(b). This peak corresponds to a transverse reso-
nance (Fig. 1) which becomes stronger with increas-
ing qR. Due to the characteristic mass anisotropy
of bismuth, ¢gR at the second harmonic becomes
larger as the magnetic field is rotated from the
bisectrix to the trigonal axis. Figure 4(c) shows
the line shape in the vicinity of the second harmonic
for the configuration g/l trigonal, BIl bisectrix, and
ﬁ“!l binary axis. Since in this configuration ¢R at
the resonance is still larger than that in Fig. 4(b),
the peaks due to transverse and longitudinal reso-
nance separate further as shown by arrows.

For the ordinary mode where E,, is parallel to
the magnetic field, the fundamental cyclotron reso-
nance is stronger than the second harmonic as shown
in Fig. 5. In this direction, the crystal symmetry
is poor, and the extraordinary mode is not totally
excluded. Consequently, the oscillatory variation
of the reflected power due to the Alfvén wave inter-
ference is observed in this orientation as well.

IV. CALCULATION OF LINE SHAPE

In this section we shall calculate the line shape
of the reflected power in terms of surface imped-
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ance and compare the calculated line shapes with
the experimental results presented in Sec. III.
Hebel® has discussed the microwave absorption due
to a slightly anomalous skin effect by calculating
the surface conductivity for the weakly nonlocal
case. His method is applicable both for diffuse
and specular reflection, but unfortunately it is
limited to the extremely weak nonlocal case where
R <<skin depth or gR < 1. Therefore, we have
employed the standard method of calculating the
surface impedance, which has been extensively used
in metals, 1=

We shall consider a semi-infinite sample in the
yz plane of a Cartesian coordinate system. The
wave vector is normal to the surface ((iu)Z') and the
static magnetic field is parallel to the z axis. If
the electrons are assumed to reflect specularly at
the surface, the surface impedance is given by

w©

8iw dq
Z="z h 4~ (w/c)ex (13)
where
€*¥=¢,,

for the ordinary mode, and
2
€*= (exx €yy+ exy)/exx

for the extraordinary mode. In the case of metals
the density of carriers is so high that gR >1 and
the dielectric functions can be expanded asymptoti-
cally in powers of 1/gR. In this limit the integrand
of the expression (13) has no pole in the region of
small wave number, and can be analytically inte-
grated as was done by Azbel’-Kaner and other
authors. ®='" For bismuth, however, the carriers
are compensated and their densities are so low
that the integrand has poles in the region of low
wave number. In Fig. 6 the results of the calcula-
tion?*'?* for the second harmonic are compared with
the experiment in the configuration q!l binary, Bl
bisectrix, and EHH trigonal axis. In this calculation
only the lowest-order term (X?) was taken into ac-

LI B FIG. 6. Real part of the
. derivative of the surface
J experimental impedance as a function of
magnetic field. The solid
line represents the experi-
mental curve for the micro-
wave reflection in the vicin-
i ity of the second harmonic
of the hole cyclotron reso-
nance. The dotted line is
the calculated line shape,
assuming wT=100 and re-
taining terms up to the order
of (qR)%.

calculated

- Re(a‘%—) arbitrary scale
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FIG. 7. Real part of surface impedance (calct}_lated)
as a function of magnetic field when § |l binary, B bi-
sectrix, E. |l trigonal axis; f=52.5 GHz; and wT =100,

count and the results depend negligibly upon the
upper limit of integration. For the third harmonic
shown in Fig. 7 the convergence is very poor and
is quite sensitive to higher-order terms, since

gR is about unity around the third harmonic.
Therefore, for the integration from 0 to 4, the in-

wT = 100
= 52.5CGHz
B// bisectrix axis

q// trigonal axis
Erf// binary axis

D

Re(zZx10!3)
nN
T

2
MAGNETIC FIELD (kG)

FIG. 8. Real part of the surface impedance (galculated)
as a function of magnetic field for § Il trigonal, B |l bisec-
trix, E’M Il binary axis; f=52.5 GHz; and wr =100, The
arrows A and B correspond to the arrows in Fig. 7, re-
spectively, and to A and B in Fig. 1.
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tegrand was expanded up to X? and for that from
4 to infinity, the asymptotic form was employed.
The result reproduces the experimental curve
fairly well.

When §Il trigonal, Bl bisectrix, and E ./l binary
axis, ¢gR is nearly equal to unity in the neighborhood
of the second harmonic due to the anisotropy of the
hole mass. In this case the transverse and the lon-
gitudinal excitations are clearly separated. The
result of the calculation for surface impedance is
shown in Fig. 8, which should be compared with
the observed derivative curve shown in Fig. 4(c).
The arrows in Figs. 4(c) and 8 are the transverse
and longitudinal resonances, respectively (points
A and B in Fig. 1). The field intervals delineated
by arrows on the experimental and calculated curves
agree very well [see Figs. 4(c) and 8]. However,
the experimental relative intensities of these two
peaks are reversed from the calculated values. Al-
though the peak for the transverse resonance is
stronger in the experiment, the high-field edge
(B) of the absorption curve is steeper than the
low-field edge (A) in the calculation. This discrep-
ancy probably results both from the failure of the
assumption that the carriers reflect specularly at
the surface and the neglect of off-diagonal elements,
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arising from the tilting effect of electron Fermi
surfaces of the dielectric tensor.

If we attribute the series of anomalies in the re-
flection curve to the harmonics of the Azbel’-Kaner
cyclotron resonance, we obtain the value
(0.213£0. 002y, as the cyclotron mass of holes
for Bl bisectrix axis. However, according to the
above discussion, we must analyze the line shape
including the shifts of peaks from the positions of
the exact cyclotron harmonics. The mass value
determined in this manner is (0. 210 +0. 002)m,.
The difference between these two masses is greater
than one standard deviation.

When the polarization of the microwaves is ro-
tated from the extraordinary to ordinary configura-
tion, the center of the anomaly at the second har-
monic shifts to the higher-field side as shown in
Fig. 9. Since the transverse resonance which is
dominant for the ordinary configuration is located
on the lower-field side compared with the position
of the longitudinal resonance which is dominant for
the extraordinary configuration, the line would shift
to the low-field side with rotation of the microwave
polarization from perpendicular to parallel to the
magnetic field if the cyclotron mass were constant.
So we have concluded that the limiting-point mass
which is responsible for the resonance in the ordi-
nary configuration is larger than the mass of the
extremum orbit.* From these data the limiting-
point mass is estimated to be (0.217+0. 003w,
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The measurement by Verwey and Haayman of the variation of the transition temperature
of magnetite with stoichiometry is discussed in terms of the molecular-field solution of a

lattice-gas model of the Mott-Wigner insulator-to-metal transition.

to a second-order phase transition.

This model gives rise

The observed first-order transition is reproduced by

substituting a phenomenologically screened interaction, in which the dielectric constant

causing the screening decreases with increasing order parameter.

Since the phenomenolog-

ical screening necessary to produce the observed results is very large compared to that ex-

pected on the basis of electronic screening, we postulate that the dielectric constant includes
the effect of local charge polarization accompanying the ordering. It is possible to obtain a
consistent picture of many of the experimental data on magnetite using this model. Inelastic
neutron scattering and optical absorption are discussed as means of observing the elementary
excitations of the system and to deduce some of the parameters in the theory. The low-lying

excitations in the ordered (i.e., insulating) state are shown to be excitons with flat disper-
sion (i.e., their energies do not depend on wave vector); their energies and cross sections

are calculated.

I. INTRODUCTION

It was suggested by Mott!s 2 that the insulating
state of magnetite could be described by a Wigner
electron lattice, ® and the insulator-to-metal tran-
sition as a melting of this lattice. Objection was
raised to this picture by Rosencwaig? because it
predicted an increase in the transition temperature
as the number of electrons in the system is de-
creased, instead of the decrease that is actually
observed.® In Secs. II and III, the insulator-to-
metal transition in magnetite is described using a
lattice-gas model, which is similar to the molecu-
lar -field solution of the Ising model of antiferro-
magnetism. The model is found to agree qualita-
tively with the results of Verwey and Haayman on
the variation of transition temperature with stoichi-
ometry. The introduction of a phenomenological
interaction which varies rapidly with the number
of free carriers in the system (and hence with the
order parameter) makes it possible to reproduce
the observed first-order transition. The behavior
of the specific heat and conductivity near the tran-
sition temperature is discussed in terms of this
effective-interaction version of the lattice-gas
model. In Sec. IV, the elementary excitation
spectrum, as well as the inelastic-neutron-scattering

and infrared-optical-absorption cross sections, is
found. The low-lying excitations are found to be
excitons with flat wave-vector -independent bands,
and their energy spectrum is calculated. Measure-
ment of the exciton energies would make it possible
to deduce some of the parameters in the theory of
Secs. II and II.

This model is similar to a model introduced by
Cullen and Callen® to describe magnetite in that
both models introduce a temperature-dependent
order parameter to describe the phase transition.
Cullen and Callen’s model is a Hartree-Fock-ap-
proximation energy-band model. The present mod-
el leaves out all discussion of details of the elec-
tronic energy states, since it is not known as yet
whether band theory or small-polaron hopping is
a better description of magnetite. The band the- -
oretic description of the problem of Ref. 6 is in-
troduced in Sec. III, however, to describe the pres-
sure dependence of the transition temperature.

The treatment presented here shows how the de-
pendence of transition temperature on stoichiometry
can be explained using an electron-lattice model.
With the phenomenological interaction introduced
later, the model is shown to allow a simple and
consistent interpretation of much of the experi-
mental data on magnetite using a few simple param-



